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As we mentioned last time, everything is either a set or a funion. You may hear all kinds of weird names like
veor space, affine space, 𝜎(sigma)-algebra, tangent bundles, conneions, inner produs and so on, and you can
rest assured all of them are either sets or funions with some kind of struure aached to them (I have been
going on and on about ‘struure’ without aually giving examples, will do so very soon).

We saw that a funion takes an element from its range𝐴 to its domain𝐵. Howwouldwe describe a funion
that requires two elements from𝐴 tomap to an element in 𝐵?is is where the Cartesian produ is very useful.
For example, if my funion takes two real numbers and returns another real number like 𝑓(𝑥, 𝑦) = 𝑥2 + 𝑦2,
then we can describe 𝑓(𝑥, 𝑦) in the obvious way:

𝑓(𝑥, 𝑦) ∶ ℝ𝟚 ↦ ℝ

alternatively,
𝑓(𝑥, 𝑦) ∶ ℝ × ℝ ↦ ℝ

Another important thing to note about funions is composition of funions. If 𝑓(𝑥) ∶ 𝐴 ↦ 𝐵 and 𝑔(𝑦) ∶
𝐵 ↦ 𝐶 , then we can define a funion ℎ(𝑧) ∶ 𝐶 ↦ 𝐷 as ℎ(𝑧) = 𝑔(𝑓(𝑥)). is is commonly wrien as ℎ = 𝑔 ∘ 𝑓 .

Now, about the ‘struure’ that we have been talking about.We can assemble a set using just about anything
– one apple, three tennis racquets and Jim Morrison. However, you cannot really do anything with such a set
– addition, subtraion, nothing. Not only do we want to assemble sets, but also assemble it using elements
with similar properties: all numbers, all circles, all parabolas and so on. en, not only do we give ourself a
chance to compare elements of a set (order them in some manner), but also define funions in a sane, compa
manner (else you will have to say ‘the funion is defined as “take element 𝑥 to 𝑦” for all 𝑥 in the set).



From now on, let us take our set 𝐷𝑛 to be the set of all possible DNAmolecules with 𝑛 base pairs. If we consider
base pairs as elements of a set 𝑃 = {𝐴, 𝐺, 𝐶, 𝑇}, then 𝐷𝑛 = 𝑃 𝑛 (can you see why? is represents one half of
the DNA strand. e other half, I assume is derivable from this one). Let 𝑓 𝑖

𝑛 represent a permutation: it just
changes the order of the elements in any 𝑥 ∈ 𝐷𝑛. Now, any permutation of an element in 𝐷𝑛 is also a DNA
strand in 𝐷𝑛. us, a mathematical permutation is a biological mutation. erefore, 𝑓 𝑖

𝑛 ∶ 𝐷𝑛 ↦ 𝐷𝑛. So, now
we have a paern or ‘struure’: the set 𝐷𝑛 does not change (or is invariant) under the family of funions 𝑓 𝑖

𝑛.
A funion that leaves an obje invariant is called a symmetry of that obje.erefore, we can write

𝑓 𝑖
𝑛(𝐷𝑛) = 𝐷𝑛 ∀𝑖 = {1, … , number of elements of the family}

Note that although 𝑓 𝑖
𝑛 takes elements from 𝐷𝑛 as an argument, we have given 𝐷𝑛 itself as the argument. is

is simply a compa way of saying ‘the set of all 𝑥 = 𝑓 𝑖
𝑛(𝑦) ∀𝑦 ∈ 𝐷𝑛 is equal to 𝐷𝑛 ’.





Now for more interesting stuff. First of all, notice that there is one element in the family 𝑓 𝑖
𝑛 which is boring:

it don’t do anything at all (call it the identity permutation), , i.e, 𝑓 0
𝑛 (𝑥) = 𝑥 ∀𝑥 ∈ 𝐷𝑛. Now consider the set of

all such funions
𝑃𝑛 = {𝑓 𝑖

𝑛} ∀𝑖 ∈ {1, … , number of elements of the family}
Wewill drop the subscript for 𝑓 𝑖

𝑛 for convenience from now on. Now, if we take two members of 𝑃𝑛, 𝑓 𝑖 and
𝑓 𝑗 , it is easy to see that 𝑓 𝑖 ∘ 𝑓 𝑗 is a mutation on a mutation, the net effe of both together is another mutation.
Since 𝑃𝑛 is the set of all mutations possible, there must be some member which does this mutation in one step,
i.e, 𝑓 𝑖 ∘ 𝑓 𝑗(𝑥) = 𝑓 𝑘(𝑥). is set of all mutations of a DNA now has this struure: if we combine two members
of this set using the operation of funion composition, the resultant is also a member of the set. It also has an
additional property: for any 𝑓 𝑖, there exists an 𝑓 𝑚 such that 𝑓 𝑖 ∘ 𝑓 𝑚(𝑥) = 𝑓 0, i.e, for every mutation there is
an equal and opposite mutation. Call it some kind of Newton’s Law of Mutations.

Now let us state whatever we know about 𝑃𝑛:

• ∃ (there exists) an operation ∘ such that 𝑓 𝑖 ∘ 𝑓 𝑗 ∈ 𝑃𝑛 ∀𝑖, 𝑗 (Closure)

• ∃ 𝑓 0 such that 𝑓 0 ∘ 𝑓 𝑖 = 𝑓 𝑖 ∀𝑓 𝑖 ∈ 𝑃𝑛 (Identity)

• for every 𝑓 𝑖 ∈ 𝑃𝑛, ∃𝑓 𝑘 ∈ 𝑃𝑛 such that 𝑓 𝑖 ∘ 𝑓 𝑘 = 𝑓 0 (Inverse)

• (𝑓 𝑖 ∘ 𝑓 𝑗) ∘ 𝑓 𝑘 = 𝑓 𝑖 ∘ (𝑓 𝑗 ∘ 𝑓 𝑘) (Associative)

If we consider the first property as some kind of ‘multiplication’ and the third as some kind of ‘division’,
what these properties assure us is that we can multiply and divide elements in this set without worrying
whether the result is still in the same set. is is not the case, if instead of mutations, we had considered gene
duplication which will add more base pairs onto the DNA strand.

Any set with these properties is called a Group, one of the most basic struures that one can impose on a
set (along with an operation like ∘).

.

• Obvious question: what is the number of elements in the family 𝑓 𝑖
𝑛? If it is not immediately obvious, try

for 𝑛 = 1, 2, 3 and generalize.

• Is the set ℕ along with normal addition of numbers as the operation a group? how about ℤ along with
addition? (Simply check if all properties are satisfied)

• Is ℤ a group under multiplication of numbers? (It is not. Why?)Which of ℕ, ℤ, ℚ, ℝ is/are a group under
multiplication?

ere are plenty of sets with some kind of struure imposed on it, and each has a different name. But there
is no other essential difference other than this. We took this up as an example to illustrate how certain sets
exhibit certain properties which can be exploited by mathematicians who have no beer work to do.

Another very important property we would like in our set 𝐷𝑛 is that of distance. For example, if we can
assign some notion of distance between different strands of DNA, we can build a phylogeny. e notion of
distance is extremely crucial since grouping things based on distance is a good starting point for an empirical
or theoretical investigation.

An intuitive way of measuring distance between elements of 𝐷𝑛 is by counting the number of base pairs
that are different. So, let us constru a funion that does this for us. Let 𝑑(𝑥, 𝑦) be a distance funion that
takes two elements of 𝐷𝑛 and assigns a distance to them by counting in how many places the base pairs are
different. A lile thought will show that this 𝑑 has the following properties:

• 𝑑(𝑥, 𝑦) ≥ 0

• 𝑑(𝑥, 𝑦) = 0 iff (if and only i) 𝑥 = 𝑦





• 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥)

• 𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑧) ≥ 𝑑(𝑥, 𝑧) (Give me a logical argument why this is true!)

In fa, take any kind of weird set and if you can define a 𝑑 like this on that set, you can take advantage
of a lot of math related to Metric Spaces, which is what any set along with a 𝑑 defined like this is called. e
nice thing about math is this: if you set up your set and some operations on the set so that they satisfy certain
properties, work done by people over hundreds of years is suddenly available to you. As a non-math person, all
you care about are consequences of seing things up like this, and that will follow naturally if you are careful
in the first few steps.

.

• What are the domain and range of 𝑑(𝑥, 𝑦) as described above?

• Consider a funion 𝑐 ∶ ℝ2 ↦ ℝ defined as 𝑐((𝑥1, 𝑦1), (𝑥2, 𝑦2)) = |𝑥1 −𝑥2|+ |𝑦1 −𝑦2| (|.| indicates absolute
value). Is this a metric on ℝ2?



A small and very odd introduion to why we need different number systems follows. We first define a 𝑛𝑡ℎ

degree polynomial 𝑃𝑛(𝑥) ∶ 𝑆 ↦ 𝑆 over a set 𝑆 as a funion defined in the following manner:

𝑃𝑛(𝑥) = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + … + 𝑎𝑛−1𝑥𝑛−1

where 𝑎𝑖, 𝑥 ∈ 𝑆 and 𝑛 is a non-negative integer . Note that we are doing both addition and multiplication
here, so it will need additional struure than that of a group, so we will assume 𝑆 has it. For now, let us also
take all 𝑎𝑖 to be integers. Now, let us try finding the zeros of this polynomial, i.e, solve the equation 𝑃𝑛(𝑥) = 0.
When 𝑛 = 1 and 𝑎1 = 1, this reduces to

𝑥 + 𝑎0 = 0
Which has a solution 𝑥 = −𝑎0. Note that 𝑥 ∈ ℕ only if 𝑎0 is a negative integer. erefore, this equation does
not always have a solution if we restri 𝑥 to be a natural number. However, if we extend 𝑥 to be any integer,
then this will always have a solution.

In the same case, if we do not assume 𝑎1 = 1, this reduces to

𝑎1𝑥 + 𝑎0 = 0

Which has a solution 𝑥 = −𝑎0/𝑎1. Now this has a solution in ℤ only if 𝑎0 is divisible by 𝑎1. It always has a
solution only when 𝑥 ∈ ℚ.

If 𝑛 = 2, there should be two solutions (−𝑎1 ± 𝑎2
1 − 4𝑎0𝑎2)/2𝑎2 , but if the number within the square root

sign is not a perfe square, it has no rational solutions, and we have to extend 𝑥 to be a real number, which also
include irrational numbers. e Greeks supposedly spent a lot of time freing about these ‘irrational’ numbers
which could not be wrien either as whole numbers or as ratios of whole numbers.ey were wondering what
kind of a quantity is so bad that it cannot be wrien as whole numbers even in the smallest unit possible. ey
probably thought using ameter scale you probably cannotmeasure it, but using amillimeter scale or something
smaller you will get either a whole number or rational one. But once somebody proved the existence of these
irrational numbers, their entire universe was shaered and it took them some while to reconcile to the fa
that the world had ‘irrational’ quantities.

I wonder what would have been their reaion if they had found that if things within the square root sign
are not positive, it is not even expressible as an irrational number: We need a new notion called the complex
numbers ℂ. In fa, for a polynomial of any general degree 𝑛, that you will find 𝑛 roots is guaranteed only if
you allow 𝑥 to be a complex number. So, life becomes simpler if everything is complex!




