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 The infinitesimal
Two things that we have not encountered upto now: dealing with things that are infinite in number, and
which are infinitesimally small. Both are problems which we encounter when we move from discrete seings
to continuous seings: when we stop summing and start integrating, for example. Consider the following
problem: what is the following sum add upto?

𝑆 = 1 − 1 + 1 − 1 + … ()

suppose we group them like below:

𝑆 = (1 − 1) + (1 − 1) + … = 0 + 0 + … = 0 ()

However, if we group the as follows:

𝑆 = 1 − (1 − 1) − (1 − 1) − … = 1 + 0 + 0 + … = 1 ()

Obviously, both of these cannot be corre. erefore, moving from finite to infinite takes some care to make
sense. We will take care of this problem sometime later.

Another problem is as follows: Consider a funion 𝐹 ∶ ℝ ↦ 1, −1. e value of 𝐹(𝑥) is 1 if 𝑥 is positive
and −1 if it is negative. What is the value of the funion when 𝑥 = 0? e standard way of doing this is to
‘go very close to zero and check what the value of the funion is’. is brings up the concept of a limiting
value and a limit. Does this have any correspondence with the real world? Well, quantum mechanics would
tell you that only discrete values of everything exist, and thus there is either something or nothing, none of
this business of ‘very close to something’. But these ideas make life more simpler than QM ever can, and so we
choose to use them.

Going back to our funion 𝐹(𝑥), we see that ‘going close to it’ from the negative end gives us one value,
and the same from the positive end gives us another. However, by definition, a funion can have only one
value given one argument, so there is some problem on how to define the funion at the value zero. We chose
our funion to be defined on ℝ, so one can approach it only from two direions. Even on ℝ2, we can approach
our funion from an infinite number of direions.

Let 𝑆 be some subset of, say, ℝ2, and this is the domain of 𝐹 , i.e, 𝐹 ∶ 𝑆 ↦ ℝ𝑛. We say that the funion
is well defined at a point 𝑝 ∈ 𝑆 if upon approaching that point from any direion, the funion has the same
limiting value. Hair-spliing, you may say, but unambiguous if everything is defined properly. To do so, we
must understand the ideas of open and closed sets.

 Open and Closed Sets

ese ideas are essentially there to formalize our notion of a ‘boundary’. Suppose you are standing near the
edge of a cliff and I push you a micrometer or so toward the edge, chances are that you may not fall off. But





eventually, you will reach a point near the edge where a push, however small, will ensure you go down kicking
and screaming. e set of all such points on the cliff, of great interest to your arch-enemies, is the boundary
of that cliff. Any other point on the cliff, you still have points on the cliff to where you can move to in every
direion. If the set of all points on the cliff is 𝐶 and on the boundary is 𝐵, the 𝑂 = 𝐶 − 𝐵 is the set of all
points on the cliff which have other points of the cliff as neighbors. e points in 𝐵 have some cliff points as
neighbors, but also other points which lie in free space.

A somewhat more mundane example will be of a circle 𝑥2 + 𝑦2 ≤ 𝑎. All points on the plane such that
𝑥2+𝑦2 < 𝑎 will only have points within the circle as neighbors. However, those points which satisfy 𝑥2+𝑦2 = 𝑎
will have points outside the circle as neighbors as we move radially outward. By now you must have an idea
of what an open or closed set is.

An open set is one where each one of its points has only other points of the set as its neighbors. e
boundary of a set are those points which also have points outside the set as neighbors. e union of an open
set and its boundary is called the ‘closure’ of the set.

So, why all these vague ideas? From the way we defined the notion of a limit, we should be able to approach
a point from all direions and still have valid values of the funion. Suppose 𝐹 is defined on a closed set, then
there are some points infinitesimally close to it which are not part of the set, and hence the funionf 𝐹 is not
defined in these places, and hence the idea of a limit itself is not applicable at these points. us, the notion of
a limit of a funion can only be applied to open sets.

 The idea of ‘closeness’

No, this seion does not deal with notions of romance, fortunately. e other thing that is needed to define
a limit is this idea geing close to the point. If we had some notion of distance, we can easily do this. Using

the standard idea of distance between (𝑥1, 𝑦1) and (𝑥2, 𝑦2) being 𝐿 = (𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2, we can find
those points where 𝐿 → 0 and define what the value of the funion there is. However, mathematicians, being
masochists, decided that this idea of ‘closeness’ deriving from distance is not general enough or not ‘fundamen-
tal enough’, so they decided to generalize it using the idea of ‘neighborhood’. Let us say that the neighborhood
of a point is an open subset which contains that point. en, 𝑝 → 𝑞 implies that 𝑝 lies in every neighborhood
of 𝑞. us, depending on how open subsets are defined in a particular set, we have neighborhoods it is easy to
see that if any point 𝑞 lies in every neighborhood of 𝑝, it must be infinitesimally close to 𝑝. From here, we can
define limits and sleep happily. (If you can sleep happily without this, shame on you.)

is formalization comes under a subje called topology, which made these ideas general enough to use
in all the strange kinds of sets that mathematicians were able to dream up. Once we have the idea of a limit,
we can move on to the idea of continuity of funion, and from there to differentiability and calculus.




